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The Transfer Functions of Cardiac Tissue during Stochastic Pacing
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ABSTRACT The restitution properties of cardiac action potential duration (APD) and conduction velocity (CV) are important
factors in arrhythmogenesis. They determine alternans, wavebreak, and the patterns of reentrant arrhythmias. We developed
a novel approach to characterize restitution using transfer functions. Transfer functions relate an input and an output quantity
in terms of gain and phase shift in the complex frequency domain. We derived an analytical expression for the transfer function
of interbeat intervals (IBIs) during conduction from one site (input) to another site downstream (output). Transfer functions can be
efficiently obtained using a stochastic pacing protocol. Using simulations of conduction and extracellular mapping of strands of
neonatal rat ventricular myocytes, we show that transfer functions permit the quantification of APD and CV restitution slopes
when it is difficult to measure APD directly. We find that the normally positive CV restitution slope attenuates IBI variations. In
contrast, a negative CV restitution slope (induced by decreasing extracellular [Kþ]) amplifies IBI variations with a maximum
at the frequency of alternans. Hence, it potentiates alternans and renders conduction unstable, even in the absence of APD
restitution. Thus, stochastic pacing and transfer function analysis represent a powerful strategy to evaluate restitution and the
stability of conduction.
INTRODUCTION

In the heart, action potential (AP) characteristics depend on

the rate with which cardiac tissue is excited. Specifically,

conduction velocity (CV) and AP duration (APD) depend

on one or several previous diastolic or interbeat intervals

(IBIs). This rate-dependence, called restitution, is an impor-

tant determinant of the stability of conduction. In a complex

interplay, APD and CV restitution (which can be influenced

by antiarrhythmic drugs) determine the occurrence of alter-

nans and functional conduction block, which, in turn, pro-

mote wavebreak and reentry. Thus, restitution determines

the generation and the stability of reentrant arrhythmias

and the transition between tachycardia and fibrillation (1–3).

Forty years ago, Nolasco and Dahlen (4) proposed a model

inspired from electrical feedback systems to explain alter-

nans. In this model, APD is related to the previous diastolic

interval (DI) by a restitution function f, and alternans occurs

when the slope a ¼ df/dDI is R1 at the point of f for which

the sum of APD and DI equals the pacing interval. This

theory still inspires numerous studies of alternans and ar-

rhythmogenesis, but it faces the challenge of more recent ob-

servations showing that the criterion a R 1 is not always

appropriate to explain and predict alternans.

For example, it was shown that alternans may be absent

even if a > 1 (5,6). Conversely, it was shown that alternans

and wave breakup can occur even if a < 1 (7,8). Based on

these observations, the concept of restitution was extended

with the notion that APD does not solely depend on the

previous DI, but, in an intricate manner, on a number of pre-

ceding APDs and DIs and on the previous pacing history.

Refined restitution models were elaborated by taking into ac-
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count several preceding APDs and/or DIs and by incorporat-

ing memory functions reflecting the progressive adaptation

of the AP to a change in pacing rate (9–11). In parallel, in-

creasing evidence supported the notion that intracellular

Ca2þ cycling is greatly involved in modulating APD and

that instabilities of Ca2þ cycling can per se constitute a source

of alternans (12,13).

These advancements motivated the development of new

pacing protocols to explore the relation between APDs and

DIs, and their modulation by intracellular Ca2þ. One exam-

ple is the perturbed downsweep protocol (6), which com-

bines pacing at a cycle length decreasing in successive steps

with the classical S1-S2 protocol. Further pacing approaches

were designed to permit a tight control of the DI, and thus

a separation of DI-, APD-, and Ca2þ-dependent mechanisms

(14–16). Control of the DI was also used to pace cardiac

preparations at DIs varying randomly, followed by multiple

regression analysis of the successive APDs and DIs, to ob-

tain further information about APD restitution and memory

(14,17).

These new approaches, in which cardiac tissue is paced

using protocols of increasing complexity, necessitate appro-

priate models and analyses to untangle the emergent dynam-

ics to fully benefit from these new developments. Besides,

the interplay between restitution at the single cell level and

the restitution of conduction characteristics, and thus the re-

percussions on arrhythmogenesis resulting from this interac-

tion, are still not completely understood.

In this article, we establish a mathematical framework

to identify, in greater detail, the information that can be

obtained by pacing with stimulation intervals that vary sto-

chastically on a beat-to-beat basis. Our framework can be

generalized to any restitution paradigm. A further motivation

to investigate the possibilities of stochastic pacing is that for
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numerous systems, the best investigative input signal is a sig-

nal that varies continuously at all possible frequencies (18).

During stochastic pacing, the conjunction of CV restitution

characteristics with the restitution of APD modulates activa-

tion patterns and thus interbeat intervals. We show that this

interaction between CV and APD restitution is revealed in

the frequency domain by the transfer function of interbeat

intervals between different locations.

Based on this framework, we designed a new approach to

characterize restitution and validated it in computer simula-

tions with the Luo-Rudy model (19) and in experiments

with patterned strands of cardiac myocytes cultured on mi-

croelectrode arrays. Our results show that the transfer func-

tion of interbeat intervals provides information about both

APD and CV restitution, without the necessity to measure

APD, thus opening new possibilities for both experimental

and clinical investigations.

We then pursued the aim to investigate the consequences

of a decrease of extracellular [Kþ] on the stability of inter-

beat intervals. In both the Luo-Rudy model and the cardiac

cell cultures, decreasing [Kþ]o changed the sign of the CV

restitution slope from positive to negative, which is charac-

teristic of supernormal conduction (20). In agreement with

our theory, this change of sign resulted in amplification of

interbeat interval variations with increasing distance from

the pacing site, with a maximum for alternans. This result

therefore positions supernormal conduction as a mechanism

of alternans.

THEORY

In engineering sciences, the transfer function of a linear sys-

tem characterizes the relation between its input and output in

the frequency domain. It describes specifically how the sys-

tem processes the input to produce the output, provides infor-

mation about the stability of the system, and permits the

derivation of the frequency response of the system in terms

of gain and phase shift.

We investigated first how a series of input interbeat inter-

vals t1, t2, t3, . varying around a mean interval t* (also

called basic cycle length, BCL) is processed by cardiac

tissue to result in the output of a series of corresponding
diastolic intervals d1, d2, d3, . (varying around a mean

d*), action potential durations a1, a2, a3, . (varying around

a*), and local conduction velocities (celerities) c1, c2, c3, .
(mean c*).

By the convention regarding the indices and nomenclature

of these variables illustrated in Fig. 1, we have

tn ¼ an þ dn: (1)

If the tissue is paced at a constant BCL (t*) and the system is

stable, the other variables converge to their respective

steady-state values d*, a*, and c*, with t* ¼ a* þ d*. Res-

titution characteristics can then be linearized around these

steady-state values and thus a linear system is obtained. As-

suming that restitution functions of cardiac tissue are only

weakly nonlinear around stable steady states, the processing

characteristics of this linearized system represent the local

processing characteristics of the tissue around these steady-

state values.

First-order restitution functions

In its fundamental form, classical (first-order) restitution

theory (4) assumes that action potential duration is related

to the previous DI by the APD restitution function f. Simi-

larly, CV is related to the previous DI by the CV restitution

function g:

anþ 1 ¼ f ðdnÞ and cnþ 1 ¼ gðdnÞ: (2)

We now consider small beat-to-beat variations introduced

into the system by varying tn around its mean value t*.

The variations of tn, dn, an, and cn around their steady-state

values are defined as dtn ¼ tn � t*, ddn ¼ dn � d*, dan ¼
an � a*, and dcn ¼ cn � c*, respectively. Equation 1 can

then be rewritten as

dtn ¼ dan þ ddn: (3)

By linearizing the expressions in Eq. 2 around their steady-

state values, we obtain

danþ 1 ¼ a ddn; (4)

dcnþ 1 ¼ g ddn; (5)
FIGURE 1 Definition, labeling and relationship between

interbeat intervals (t), action potential durations (a), dia-

stolic intervals (d), and action potential conduction veloci-

ties (c).
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in which a and g are the slopes of the APD and CV restitu-

tion functions f and g at d ¼ d*, respectively:

a ¼ df ðdÞ
dd
jd¼ d� and g ¼ dgðdÞ

dd
jd¼ d� : (6)

The slopes a and g are typically established experimentally

using a standard S1-S2 protocol, in which the tissue is paced

at a constant interbeat interval t* until steady state is achieved,

followed by a modified interval t 5 dt.
Combining Eqs. 3, 4, and 5, we can write two difference

equations describing the evolution of APD and CV given

a series of interbeat intervals. Substituting Eq. 3 into Eq. 4, we

obtain the difference equation for APD restitution

danþ 1 ¼ aðdtn � danÞ; (7)

and substituting Eq. 3 into Eq. 5 and using Eq. 7 shifted back

one time step, we obtain the difference equation for CV:

dcnþ 1 ¼ gdtn � gdan

¼ gdtn � gaðdtn�1 � dan�1Þ
¼ gdtn � adcn

: (8)

Equation 8 thus relates the CV of the next AP with the CV

and the interbeat interval of the present one only. This re-

lation lends itself well to be fitted from experimental data

using an autoregressive-moving-average (ARMA) model

of order 1, with dtn as input series, dcn as output series,

a as the autoregressive coefficient, and g as the moving

average coefficient. The absence of contributions from APD

and DI (da and dd) in Eq. 8 indicates that identification

of the coefficients of the ARMA model based on a known

series of interbeat intervals and a corresponding series of

measured CV’s permits to determine both APD and CV resti-

tution slopes, without the necessity to measure APD and/

or DI.

Transfer functions in the case of first-order
restitution characteristics

To obtain the transfer functions from tn to the different ob-

served variables we transform the difference equations to

the complex z domain using the Z transform. The advantages

of transforming the difference equations to the z domain,

rather than treating them directly in the time domain, are

that 1), signals in the z domain are characterized by fre-

quency and phase; 2), analysis of the response of discrete-

time linear systems in the z domain is more efficient than

time-domain methods; and 3), the stability of the system

can directly be inferred in the z domain (18).

In the following, T(z), D(z), A(z), and C(z) represent the Z

transforms of tn, dn, an, and cn, respectively. The Z trans-

forms of Eqs. 7 and 8 are

zAðzÞ ¼ aðTðzÞ � AðzÞÞ; (9)

zCðzÞ ¼ gTðzÞ � aCðzÞ: (10)
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From the difference relations in the z domain, the transfer

functions Ht/a(z) between interbeat intervals and APD, and

Ht/c(z) between interbeat intervals and CV are

Ht/aðzÞ ¼
AðzÞ
TðzÞ ¼

a

z þ a
; (11)

Ht/cðzÞ ¼
CðzÞ
TðzÞ ¼

g

z þ a
: (12)

Also, since T(z) ¼ A(z) þ D(z) from Eq. 3, we can compute

the transfer function Ht/d(z) from interbeat to diastolic

intervals as

Ht/dðzÞ ¼
DðzÞ
TðzÞ ¼

TðzÞ � AðzÞ
TðzÞ ¼ 1� Ht/aðzÞ (13)

and, therefore,

Ht/dðzÞ ¼
z

z þ a
: (14)

All three transfer functions correspond to the same system.

They describe the relation between the input quantity (inter-

beat intervals) and the different observed output variables

(APD, CV, and DI; refer to the subscripts) in terms of the

complex variable z.

The system is asymptotically stable if the pole �a of the

transfer functions lies within the unit circle in the complex

plane, i.e., if jaj < 1. Conversely, the system is unstable if

jaj> 1, in accordance with the classical notions of restitution

theory. When the pole lies on or very close to the unit circle,

the linear system is marginally stable: fluctuations in the input

will neither be attenuated, nor amplified. However, in prac-

tice, restitution is not absolutely linear and the nonlinearities

will determine the stability of the system in this special case.

In the absence of APD restitution (i.e., if APD remains

constant), a ¼ 0 and the transfer functions simplify to

Ht/d(z) ¼ 1 (i.e., variations of interbeat intervals translate

directly into variations of DI), Ht/a(z) ¼ 0 (i.e., APD is

constant) and Ht/c(z) ¼ g/z.

The derivation of these transfer functions, as presented in

this section, can be extended to any higher-order restitution

paradigm.

The transfer function of interbeat intervals during
AP propagation

In the previous section, we focused on the transfer function

Ht/d(z) which relates a series of (controllable) pacing inter-

vals to the corresponding series of DIs at the cellular level.

At the multicellular tissue level, DIs will, in turn, directly af-

fect the CV of successive APs. Consequently, beat-to-beat

differences in CV will affect the series of interbeat intervals

tn between the passages of the successive APs at a remote

location. Because the passages of the wavefront (i.e., activa-

tion times) can easily be detected at given locations (e.g.,

with extracellular or intracellular electrodes), it is of particular

interest to investigate the transfer function between interbeat
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interval series at two different sites separated by a distance L
in a strand sufficiently long and with boundary conditions

such that we can ignore the influence of the boundaries.

We assume here that CV is governed by the previous DI,

as described in Eqs. 2 and 5. We consider now the variables

tn(x), dn(x), and cn(x), representing tn, dn, and cn as a function

of distance x, measured along the axis of AP propagation.

The conduction time necessary to cover a segment of length

dx amounts to dx/cn(x) for the nth wavefront and to dx/cnþ1(x)

for the n þ 1st. Thus, over the segment dx, the interbeat

interval tn(x) changes by dx/cnþ1(x) � dx/cn(x):

dtnðxÞ
dx

¼ 1

cnþ 1ðxÞ
� 1

cnðxÞ
: (15)

By introducing the function j ¼ 1/c (i.e., slowness, the recip-

rocal of CV) with j* ¼ 1/c* and dj ¼ j � j*, Eq. 15 can be

written as

dtnðxÞ
dx

¼ djnþ 1ðxÞ � djnðxÞ: (16)

Because g ¼ dc/dd ¼ dg(d)/dd at d ¼ d* (expressions in

Eq. 6), we have

djðdÞ
dd
jd¼ d� ¼

dð1=gðdÞÞ
dd

jd¼ d� ¼ �
dgðdÞ=dd

ðgðdÞÞ2
jd¼ d� ¼ �

g

c�2

(17)

and, therefore, the linearization of j around d* is

djnþ 1 ¼ �
g

c�2 ddn5djn ¼ �
g

c�2 ddn�1: (18)

By substitution into Eq. 16, one then obtains

dtnðxÞ
dx

¼ g

c�2ðddn�1 � ddnÞ: (19)

Together with the input tn(0) and output tn(L), Eq. 19 is a dis-

tributed parameter model; a class of infinite dimensional

systems (21). The partial differential equation is of the dis-

crete-time, continuous-space type. By applying the appropri-

ate transformation (either Z transform, or Laplace transform,

according to the domain), a transfer function from input to

output can be obtained and all notions about poles, zeros,

and stability can be applied (18,22).

By applying the Z transformation to Eq. 19 with fixed x,

one obtains

dTðz; xÞ
dx

¼ g

c�2

�
z�1Dðz; xÞ � Dðz; xÞ

�

¼ g

c�2

�
z�1 � 1

�
Dðz; xÞ

¼ g

c�2

ð1� zÞ
z

Ht/dðzÞTðz; xÞ:

(20)

Assuming that the tissue is homogeneous, integration of Eq.

20 over x gives
Tðz; xÞ ¼ Tðz; 0Þexp

�
gx

c�2

ð1� zÞ
z

Ht/dðzÞ
�
; (21)

and, therefore, the transfer function Ht(z, L) ¼ T(z, L)/T(z, 0)

from the stimulation series tn at x ¼ 0 to the output observed

at a distance L from the stimulation is

Htðz; LÞ ¼ exp

�
gL

c�2

ð1� zÞ
z

Ht/dðzÞ
�
: (22)

Frequency transfer of interbeat interval variations
and the stability of conduction

The stability of APD restitution follows from linear stability

analysis as shown in the previous sections. When CV resti-

tution is taken into consideration as well, the problem be-

comes more complicated since one has to analyze the stabil-

ity of the distributed parameter model defined by Eq. 20.

Intuitively, the stability of first-order CV restitution is

straightforward: if g is positive, after pacing at a constant in-

terbeat interval, a premature pulse will conduct slower, there-

fore widening the interbeat interval toward the steady-state

interbeat interval. Conversely, a postmature pulse will catch

up its delay by accelerating. However, if g is negative, the

premature pulse will conduct faster than the steady-state

ones, therefore speeding up toward its predecessor. In the

same way, a postmature pulse will slow down and approach

a pulse given at the steady-state interval coming after it.

Thus, conduction is unstable for negative g.

In the discrete time domain, a transfer function H(z) is

related to the frequency response function F(f) by F(f) ¼
H(e2pif), with f in the interval ½0; 1=2� (in our situation,

f ¼ 1=2 corresponds to once every two beats, i.e., the fre-

quency of alternans). Accordingly, the frequency response

FL(f) of interbeat interval variations over a segment of length

L is

FLðf Þ ¼ Ht

�
e2pif ; L

�
¼ exp

�
gL

c�2

�
e�2pif � 1

�
Ht/d

�
e2pif

��
:

(23)

The frequency response can be expressed in terms of gain

(GL(f), in dB) and phase shift (FL(f), in degrees) as

GLðf Þ ¼ 20

ln10

gL

c�2 � R
��

e�2pif � 1
�
Ht/d

�
e2pif

��
;

FLðf Þ ¼ 180

p

gL

c�2 � J
��

e�2pif � 1
�
Ht/d

�
e2pif

��
;

(24)

where R and J denote real and imaginary parts, respectively.

Moreover, the frequency response can be normalized by dis-

tance L, thereby providing tissue-specific characteristics

G(f), the normalized gain (in dB per unit length) and F(f),
the normalized phase shift (in degrees per unit length):
Biophysical Journal 96(1) 294–311
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Gðf Þ ¼ 20

ln10

g

c�2 � R
��

e�2pif � 1
�
Ht/d

�
e2pif

��
;

Fðf Þ ¼ 180

p

g

c�2 � J
��

e�2pif � 1
�
Ht/d

�
e2pif

��
:

(25)

For the case of first-order restitution (i.e., using Ht/d(z) from

Eq. 14), the normalized frequency response is

Gðf Þ 20

ln10

g

c�2 � R

�
1� e2pif

a þ e2pif

�
;

Fðf Þ 180

p

g

c�2 � J

�
1� e2pif

a þ e2pif

�
:

(26)

It appears from Eq. 26 that the stability of conduction is di-

rectly related to both the stability of APD restitution (jaj <
1) as well as to the sign of g, which represents the stability

of CV restitution. If g > 0, the stability follows the second

part of the equation, but if g < 0, the sign of G(f) is

changed and the stability is inverted, rendering a system

that is stable at the cellular level unstable. This is in agree-

ment with the intuitive notions formulated at the beginning

of this section.

Because of the presence of g and of the term e�2pif � 1 in

Eqs. 23–26, this condition is distinct from the conditions for

stability at the cellular level (poles of Ht/d(z) within the unit

circle of the complex plane). This suggests that situations

may exist in which cardiac excitation is stable at the cellular

level, but conduction itself is intrinsically unstable.

METHODS

Design of a practical implementation

Based on the theory presented above, we implemented the following algo-

rithm to investigate restitution. Cardiac tissue (real or simulated) is paced ex-

ternally at a given location and the timings of the successive passages of AP

wavefronts (activation times) are registered simultaneously at two sites sep-

arated by a distance L. These sites are located on a line parallel to AP prop-

agation (orthogonal to the AP wavefronts).

The tissue is first paced at a predefined constant BCL for enough time un-

til a steady-state 1:1 response is established. Subsequently, the tissue is

paced at intervals varying stochastically around this BCL according to

a Gaussian distribution with a predefined standard deviation (SD). This

SD is selected to be large compared to the measurement error on activation

times but small enough such that conduction blocks or failure to capture all

stimuli does not result. Stochastic pacing is applied for a certain number of

cycles (the accuracy of the analysis and the resolution of the frequency re-

sponse increase with the number of cycles), but for a duration short enough

to avoid nonstationarity of the tissue over extended periods of time.

IBI series during stochastic pacing are then calculated at both the proximal

and distal recording site and their corresponding (complex) discrete Fourier

spectra are computed (Fprox(f) and Fdist(f)). The ratio Fdist(f)/Fprox(f) corre-

sponds to the frequency response FL(f) ¼ Ht(e
2pif, L) in Eq. 23. Gain (in

dB) is computed from the decimal logarithm of the magnitude of FL(f)
and phase shift from the argument of FL(f), respectively. After normalization

by L, one therefore obtains the normalized gain G(f) and phase shift F(f)

(Eqs. 25 and 26). G(f) and F(f) are then plotted as a function of frequency

(Bode plots) for visual interpretation and fitted (according, e.g., to Eq. 26)

to identify the restitution slopes.
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A flowchart illustrating this approach is presented in the Supplementary

Material. The procedure can be repeated using different BCLs and/or for

different recording locations.

Computer simulations using coupled maps
models

In simulations using coupled maps models, the dynamics of APD were sim-

ulated using predefined first-order restitution functions. Conduction was sim-

ulated in a one-dimensional cardiac fiber using a predefined CV restitution

function g as follows. The fiber was paced at position x¼ 0 using a predefined

pacing protocol (see below). This initial condition provided the activation

times ta,0(0), ta,1(0),. ta,N(0) at x¼ 0. Using the predefined APD restitution

function, repolarization times tr,0(0), tr,1(0),. tr,N(0) and corresponding DIs

were computed recursively at x ¼ 0. Using the CV restitution function g,

propagation of the wavefronts from position x to position x þ dx was simu-

lated with a forward Euler approach as ta,i(x þ dx) ¼ ta,i(x) þ dx/g(ta,i(x) �
tr,i�1(x)), where i is the number of the wavefront and ta,i(x) � tr,i�1(x) is the

corresponding DI at position x. Repolarization times tr,i(x þ dx) at position

xþ dx were again computed using the APD restitution function. By iterating

this algorithm, the propagation of wavefronts was computed along the entire

length of the cable. Interbeat interval series at a given location in the fiber

were computed as the difference series of activation times.

The spatial step dx can be selected to be arbitrarily small and we used

a value of 0.01 cm in our simulations. The results were not significantly dif-

ferent when smaller dx were used. Details about the restitution functions

used are provided in Results.

Computer simulations using the Luo-Rudy ionic
model

Simulations of conduction were conducted in a 1-cm-long fiber of 100 Luo-

Rudy phase 1 model cells (19). To obtain CVs and APDs in the range of

those observed in cultures of neonatal rat ventricular myocytes, the maxi-

mum sodium current conductance (gNa) and the slow inward current conduc-

tance (gsi) were reduced to 8 and 0.04 mS/cm2, respectively, as done in

previous studies (1,23). The fiber was discretized at the level corresponding

to the size of a cell (100 mm) and the lumped myoplasmic and gap junctional

intercellular conductance was set to 1.267 mS, as previously published

(23,24). Membrane potential (Vm) and other model variables were integrated

using a time step of 0.005 ms with the Euler method.

Simulations were run with the normal extracellular potassium concentration

of the model ([Kþ]o ¼ 5.4 mmol/L) as well as with decreased [Kþ]o (2.0

mmol/L). The fiber was paced at one extremity (see Pacing Protocols, below).

Activation times were defined by depolarization to�35 mV during phase 0 of

the AP and APD was measured at repolarization to �80 mV (~95% repolar-

ization for normal [Kþ]o, 80% for [Kþ]o¼ 2.0 mmol/L). APD was determined

in the center of the 100-cell strand. CV was determined from the conduction

time between cell 25 (x1 ¼ 0.25 cm) and cell 75 (x2; L ¼ x2 � x1 ¼ 0.5 cm).

CV was uniform between these two points, as verified by linear regression

of activation times versus distance (r > 0.9999), indicating that propagation

was not influenced by boundary conditions in this segment of the strand.

In vitro experiments

Patterned strands of ventricular myocytes (width: 150 mm) from 1–2 days

old Wistar rats were prepared and grown on microelectrode arrays (Sensors,

Actuators and Microsystems Laboratory, University of Neuchâtel, Switzer-

land) as described previously (25,26). The animals were handled in accor-

dance with the ethical principles and guidelines of the Swiss Academy of

Medical Sciences. The cardiomyocytes were seeded at a density of 1650

cells/mm2. The strands were grown on rows of 6 or 12 electrodes (spacing:

1.2 or 0.5 mm, respectively) with a stimulation dipole at their end. As illus-

trated in Fig. 2, some growth patterns consisted of convolved strands, which

were designed to cover the entire set of recording electrodes. This permitted

us to map conduction over larger distances.
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FIGURE 2 Mapping of conduction in patterned cell strands with microelectrode arrays. (A) Photograph of a convolved cell strand (length: 5.6 cm). The

positions of the recording electrodes are marked with open dots. The preparation was stimulated with the dipole labeled with an S. (B) AP propagation in

the strand after stimulation (S). The extracellular electrograms reflect the passage of the AP at each successive electrode. The second wavefront was elicited

before the first had reached the end of the strand. Conduction velocity was 25.0 cm/s in this example.
Experiments were performed on 3–5 days old cultures. The strands were

first inspected under phase contrast microscopy to verify their structural in-

tegrity. Only intact preparations were used. To ensure identical extracellular

conditions, the experiments were conducted in Hanks’ balanced salts solu-

tion. In certain experiments, [Kþ] in the Hanks’ balanced salts solution

(5.8 mmol/L) was reduced to 2.0 or 1.5 mmol/L. The culture chambers,

incorporating a connection interface, were then mounted into a custom am-

plifier array (gain: 1000�) and placed back into the incubator for an equil-

ibration period R60 min (temperature 36.0 5 0.1�C).

The preparations were stimulated with biphasic voltage pulses (26). Extra-

cellular unipolar electrograms were sampled at 10 kHz. Activation times

were defined at the occurrence of the minimum of their first derivative

(26). Because false detections can exert a tremendous effect on the results,

we always took great care to inspect the experimental electrograms visually

to ensure that all activations were detected correctly.

Pacing protocols

To establish steady-state conditions in both models and in the experiments,

the cell strands were initially paced at a given BCL until all transients had

stabilized (1–2 min in the experiments). Subsequently, the strands were sub-

ject either to a classical S1-S2 protocol or to a stochastic pacing protocol. In

the S1-S2 protocol (used in the Luo-Rudy model strands and the experi-

ments in vitro), isolated deviations dt from BCL were introduced every 10

s, with alternating sign and increasing magnitude. This procedure was re-

peated for different BCLs. In the stochastic pacing protocol (used in both

models and in vitro), cycle length was varied randomly around BCL with

a Gaussian distribution characterized by a predefined standard deviation s.

The stochastic protocol was applied for 32–512 cycles in the simulations

or during 1–2 min in vitro.

Data Analysis

S1-S2 protocol and restitution slopes

For the Luo-Rudy model strand, APD and CV restitution curves as well as

their corresponding slopes a and g were established using APD/DI in the

center of the strand (cell 50) and CV determined from the conduction

time between cell 25 and cell 75 (Dx ¼ 0.5 cm).

In the experiments, CV was determined by linear regression of activation

times, as done previously (26). In all the experiments reported here, the
number of recording electrodes was R4 and the correlation coefficient

r was >0.99. Because APD could not be measured using the microelectrode

arrays, CV restitution curves were represented as CV versus the S1-S2 inter-

val. Since we paced the preparations for 1–2 min at each investigated BCL

before applying the S1-S2 protocol and because the modified intervals were

introduced only every 10 s (corresponding in all experiments to at least 40

cycles), we assumed that APD had returned to its steady-state value (for each

given BCL) before the S1-S2 intervals. Under this assumption, the CV ver-

sus S1-S2 curve for a particular BCL is a shifted version of the correspond-

ing CV versus DI curve, with the same shape and slope. The CV restitution

slope g was determined for each BCL tested by fitting the exponential func-

tion CV(S1S2)¼ aþ b exp(�S1S2/c) to the CV data points for the different

S1-S2 intervals. The slope g was defined as the slope of this function at

S1S2 ¼ BCL.

Stochastic pacing protocol and transfer functions of interbeat
interval variations

In the computer simulations, the frequency transfer of interbeat intervals

variations (FL(f), see Eq. 23) was computed as the ratio of the discrete fast

Fourier transforms of corresponding series of 128–512 interbeat intervals

registered 0.25 and 0.75 cm away from the stimulation site (L ¼ 0.5 cm).

The restitution slopes a and g were estimated from times series of IBIs

and CVs using ARMA model identification of the first-order difference

Eq. 8 with a classical least-squares algorithm. Details concerning this algo-

rithm are provided in Data S1.

In the experiments, the two electrodes that were most distant from each

other and that exhibited a signal/noise ratio large enough to reliably

identify activation times were selected for this analysis (interelectrode

distance: L). FL(f) was computed as the ratio of Welch power spectra

of corresponding series of 64–256 interbeat intervals registered at these

two electrodes.

In all analyses, the computed FL(f) were then normalized by L to provide

the tissue-specific normalized transfer spectra characterized by G(f) and F(f)

(Eq. 25), which were represented in Bode plots.

Statistics

Unless specified otherwise, data are presented as mean 5 SD. The value

n represents the number of distinct preparations used. Significance was

assessed at the p < 0.05 level by the examination of 95% confidence

intervals.
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RESULTS

Transfer functions of interbeat interval variations
in a linear coupled maps model

To verify our derivation of the transfer function of interbeat

interval (IBI) variations between two sites separated by a

distance L, we first conducted simulations of conduction in

a cell strand using a first-order coupled maps model. APD

and CV were defined as linear functions of the previous DI as

anþ 1 ¼ a� þ aðdn � d�Þ
cnþ 1 ¼ c� þ gðdn � d�Þ (27)

with a* ¼ 80 ms, d* ¼ 80 ms, c* ¼ 30 cm/s, and t* ¼ 160

ms. The strand was paced at position x ¼ 0 at intervals vary-

ing randomly around t* with a SD of 5 ms, and IBI series

were registered at positions x1 ¼ 0.25 cm and x2 ¼ 0.75 cm.

In a first series of simulations, the effects of CV restitution

alone were studied by setting a to 0 (no APD restitution) and

by varying g between�0.1 andþ0.1 cm/s/ms (because in car-

diac electrophysiology, CV is usually expressed in cm/s and

time in ms, we express g in cm/s/ms). The corresponding

CV restitution relationships are shown in Fig. 3 A. Fig. 3 B il-

lustrates a series of 50 successive IBIs registered at x1 and x2

for a positive value of g ofþ0.1 cm/s/ms and a negative value

of�0.1 cm/s/ms, respectively. For g ¼þ0.1 cm/s/ms, peak-

to-peak IBI variations were decreased by ~9% between x1 and

x2. In contrast, for g ¼ �0.1 cm/s/ms, IBI variations were

increased by ~15%. Moreover, as illustrated in Fig. 3 C, IBI

variations exhibited a phase lag at position x2 relative to x1

for g ¼ þ0.1 cm/s/ms, and, conversely, IBI variations were

characterized by a phase advance at x2 for g¼�0.1 cm/s/ms.

The changes in IBI variations were examined in terms of

normalized gain and phase shift between x1 and x2 using

Bode plots, as in Fig. 3 D. For positive values of g, attenuation

of IBI variations was reflected by a frequency-dependent

negative gain, and accompanied by a frequency-dependent

negative phase shift (i.e., a phase lag at x2 relative to x1).

The attenuation was maximal at a frequency f of 0.5 beat�1,

the phase lag was maximal at f ¼ 0.25 beat�1, and the fre-

quency response scaled proportionally to g. Conversely, for

negative values of g, the Bode plots exhibited the same char-

acteristics as for g> 0 but for a change of sign. The gain was

positive with a maximum at f¼ 0.5 beat�1 and the phase was

advanced.

The normalized frequency response predicted theoreti-

cally (G(f) and F(f) in Eq. 26), shown in Fig. 3 D as thick

shaded curves, was congruent for all values of g with the

frequency response simulated in the coupled maps model

during stochastic pacing.

Influence of first-order APD restitution on the
transfer function of interbeat interval variations

In a similar approach, the linear coupled maps model was

used to simulate the effects of first-order APD restitution
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on the transfer function. In the set of simulations presented

in Fig. 4, g was assigned a constant positive or negative

value (þ0.03 and �0.03 cm/s/ms, respectively) and a was

varied in the interval [�1, 1]. The corresponding transfer

functions, computed by spectral analysis from the stochastic

pacing simulations, are represented in Fig. 4 B together with

the frequency response predicted theoretically. Once more,

the simulated and predicted responses were congruent.

Interestingly, APD restitution resulted in a distortion of

the response curves. Positive values of a, commonly encoun-

tered in cardiac electrophysiology, skewed the curves toward

the right and magnified the effect of CV restitution on the

right-hand side of the spectrum. This effect became greatly

manifest when a was close to þ1 (5.8 dB/cm at f ¼ 0.5

beat�1 for a ¼ 0.9, 11.6 dB/cm for a ¼ 0.95, not shown

in Fig. 4 B). Conversely, negative values of a skewed the

spectra toward the left and diminished the effect of CV res-

titution. However, the gain (in absolute value) remained

maximal at f ¼ 0.5 beat�1, irrespective of a.

Thus, information about both g and a can be obtained

from the inspection of the transfer function of IBI variations

in the frequency domain.

Restitution in the Luo-Rudy model

The analysis of the previous section was conducted using

a linear coupled maps model. However, the conduction of

the cardiac AP relies on the complex nonlinear dynamics

of ion currents. To investigate to what extent the observa-

tions regarding APD and CV restitution on the transfer

functions in the linear model also apply in the context of

a propagated AP based on ion currents, we conducted simu-

lations of conduction in a strand of cells using the modified

Luo-Rudy phase 1 model (19).

We first evaluated APD and CV restitution using a conven-

tional S1-S2 pacing protocol. The restitution behavior of the

Luo-Rudy model with normal [Kþ]o is shown in Fig. 5, A
and B. The S1-S2 protocol is illustrated in Fig. 5 A by super-

imposed traces of the steady-state AP at a BCL of 120 ms

and the APs elicited after the modified S1-S2 interval. Res-

titution data for APD and CV are presented in Fig. 5 B in

the form of restitution portraits (6). The dark-shaded curves

correspond to steady-state values of APD and CV after all

transients had dissipated and the AP during pacing at a con-

stant BCL had fully stabilized. This type of restitution curve

has been previously called the dynamic restitution curve (6).

The data from the S1-S2 protocols are shown as dotted

curves in Fig. 5 B (S1-S2 restitution curves), together with

their tangents at the corresponding steady-state points. The

S1-S2 restitution slopes a and g were computed from these

tangents.

The dynamic APD and CV restitution curves were non-

linear, and the slopes a and g increased with decreasing

BCL/DI. Interestingly, the S1-S2 APD restitution curves

were somewhat less steep than the dynamic restitution
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curve. This indicates that first-order restitution cannot fully

account for the APD restitution behavior of the Luo-Rudy

model; if that was the case, the restitution curves should

all be superimposed. In contrast, the S1-S2 CV restitution

curves were superimposed with the dynamic CV restitution

curve despite its pronounced nonlinear aspect, suggesting

that CV restitution is reasonably well described by first-or-

der dynamics.

In the past, supernormal excitability (defined as a lesser

amount of current or charge necessary to bring cardiac tissue

to threshold) was observed for premature stimuli during

experiments in reduced [Kþ]o (9,27). To examine whether

a reduction of [Kþ]o leads to supernormal conduction of

premature stimuli in the Luo-Rudy model, we conducted

S1-S2 protocols and constructed the restitution portraits for

[Kþ]o ¼ 2.0 mmol/L using the same approach as for normal

FIGURE 3 Transfer of interbeat interval (IBI) variations in a coupled maps model, in the absence of APD restitution. (A) CV restitution functions used in the

coupled maps model, with different positive (g> 0, left) and negative slopes (g< 0, right), as labeled. The shaded dots represent the steady-state point. (B) IBI

series at positions x1 ¼ 0.25 cm (solid) and x2 ¼ 0.75 cm (shading) during stochastic pacing at x ¼ 0. IBI variations were attenuated with distance for g > 0

(left), whereas for g< 0, IBI variations were amplified (right). The arrows denote variations in which this attenuation/amplification is most visible. (C) Subsets

of the same IBI series as in B on an expanded scale. Relative to the series at x1, the IBI series at x2 exhibited a phase lag for g> 0 and a phase advance for g< 0.

The arrows indicate where these phase shifts are most visible. (D) Bode plots of normalized gain and phase shift during stochastic pacing (thin solid traces,

labels denote g). The normalized frequency responses predicted theoretically are plotted in the rear as thick shaded curves.
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FIGURE 4 Effects of APD restitution on the transfer function of interbeat interval (IBI) variations in a coupled maps model. (A) CV restitution functions

used in the coupled maps model, with a given positive and negative slope g (þ0.03 cm/s/ms, left, and �0.03 cm/s/ms, right). While g was kept constant, the

first-order APD restitution slope a (restitution functions in the middle panel) was varied in the interval [�1, 1]. The shaded dots represent the steady-state point.

(B) Bode plots of normalized gain and phase shift during stochastic pacing (thin solid traces, labels denote a). The normalized frequency responses predicted

theoretically are plotted in the rear as thick shaded curves.
[Kþ]o. An example of the S1-S2 protocol is illustrated in

Fig. 5 C and the restitution portraits are presented in Fig. 5 D.

The reduction of [Kþ]o decreased the resting membrane

potential from �84.6 to �99.8 mV and diminished the mag-

nitude of Kþ currents, leading to a substantial increase of

APD. Therefore, the restitution portraits were established us-

ing larger BCLs. While the APD restitution portrait was oth-

erwise qualitatively similar to that for normal [Kþ]o, the CV

restitution portrait was fundamentally different. Both the dy-

namic and the S1-S2 restitution curves exhibited negative

slopes, reflecting supernormal conduction. Moreover, as il-

lustrated in Fig. 5 D for BCL ¼ 270 ms, the S1-S2 CV res-

titution curves exhibited a strong nonlinear behavior at short

DIs, with CV decreasing abruptly for DIs <30 ms. Thus, S1-

S2 CV restitution curves were biphasic, characterized by

a negative slope at long DIs and a positive slope at very short

DIs. However, at the corresponding steady-state points, the

S1-S2 restitution slope g was negative for all of the four

BCLs tested.

The supernormal phase of the CV restitution curves was

explained by the fact that the membrane was still slightly de-

polarized by a few mV at the onset of premature APs (see

Fig. 5 C), while the sodium current (INa) had already recov-
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ered from inactivation. As a consequence, the charge neces-

sary to depolarize the membrane to threshold was reduced,

leading to accelerated conduction. However, at short S1-S2

intervals, the recovery of INa was incomplete and the dimin-

ished INa availability prevailed over the smaller charge re-

quirement to reach threshold, leading to a CV restitution

curve with a positive slope, as for normal [Kþ]o.

Transfer functions of the Luo-Rudy model

The transfer functions of the Luo-Rudy model strand were

then determined using the stochastic pacing protocol. Trans-

fer functions of IBI variations were first investigated for

normal [Kþ]o. The strand was paced until steady state was

established at the four different BCLs used in Fig. 5, A and

B, upon which BCL was perturbed with normally distributed

beat-to-beat variations with zero mean and an SD of 5 ms.

The resulting beat-to-beat variations of the IBI, DI and

APD are illustrated in Fig. 6 A. The simulations were run

for 257 successive APs to obtain series of 256 IBIs at posi-

tions x1 and x2, from which the frequency responses were

computed. The corresponding Bode plots are presented in

Fig. 6 B, together with the first-order normalized gain and
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FIGURE 5 Restitution in the Luo-

Rudy model investigated with the S1-S2

protocol. (A) APs in the center of the

strand (normal [Kþ]o). (Solid trace) APs

during steady-state pacing at BCL ¼
120 ms. (Shaded traces) APs after

different S1-S2 intervals. (B) APD and

CV restitution portraits for normal

[Kþ]o. The large shaded symbols corre-

spond to steady-state values (fixed
points) at the tested BCLs (labels under

the curves). The dark-shaded curves are

exponential fits to these data (dynamic

restitution curves). The solid symbols

and the corresponding dotted curves

represent the S1-S2 restitution relation-

ships for the different BCLs. The slopes

(labels above the curves) of the corre-

sponding tangents correspond to the

S1-S2 restitution slopes a and g. (C)

Same as A, for [Kþ]o ¼ 2.0 mmol/L

and for a steady-state BCL of 270 ms.

(D) APD and CV restitution portraits

for low [Kþ]o ¼ 2.0 mmol/L. Same

layout as in panel B.
phase shift (Eq. 26) based on the control values of a and g

obtained using the S1-S2 protocol (Fig. 5).

The predicted transfer functions were in close agreement

with those observed for all of the four BCLs tested. With de-

creasing mean IBI, the increasing magnitude of the gain and

phase shift as well as the progressive skewing of the transfer

spectra toward the right witnessed the increasing restitution

slopes a and g. Moreover, this close agreement suggests

that the transfer functions were not manifestly altered by the

nonlinear aspect of the restitution curves and the higher-

order features of APD.

This observation prompted us to investigate whether CV

could be predicted and the slopes a and g determined using

the autoregressive-moving-average (ARMA) model dcnþ1¼
gdtn� adcn (Eq. 8). For this purpose, simulations of 30 con-

secutive APs were conducted using the stochastic pacing

protocol. For the analysis, activation times in the center of

the strand were interpolated from the activation times at po-

sitions x1 and x2 as t ¼ (t(x1) þ t(x2))/2 and CV was calcu-

lated as (x2 � x1)/(t(x2) � t(x1)). By using this approach,
we assumed that an investigator would have no possibility

to obtain information about the AP between x1 and x2. In-

deed, the positions x1 and x2 can be imagined as the location

of two extracellular recording electrodes placed in close

vicinity of a cardiac preparation (or in the heart in vivo), pro-

viding an accurate measurement of the time of passage of the

successive wavefronts but no information about AP mor-

phology and APD.

Fig. 6 C illustrates IBIs, DIs, APDs, and CVs during sto-

chastic pacing at a mean cycle length of 120 ms and an SD of

5 ms. The parameters a and g of the ARMA model were fit

such as to minimize the mean-square residual error on CV

prediction. The predicted CV and the residual error are rep-

resented in Fig. 6 C together with the observed CV. In this

example, the best fit was obtained with a ¼ 0.397 and g ¼
0.073 cm/s/ms, which lie within 10% of the control values

from the S1-S2 protocol (Fig. 5). The square of the correla-

tion coefficient (r2) between predicted and observed CV was

0.970, indicating that the ARMA model accounted for 97%

of the observed variance of CV.
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FIGURE 6 Transfer functions and restitution in the Luo-Rudy model during stochastic pacing, with normal [Kþ]o. (A) Example APs in the center of the

strand during pacing at random intervals with a mean of 120 ms and an SD of 5 ms. (B) Bode plots of normalized gain and phase shift during stochastic pacing

at four different mean IBIs (thin traces; note the different ordinates). The shaded curves represent the first-order transfer spectra, predicted theoretically, based

on the S1-S2 slopes a and g determined as described in Fig. 5. (C) Series of 30 corresponding IBIs, DIs, APDs, and CVs. Solid traces represent data from the

simulation. The CV trace shown in shading represents CV predicted using the best fit first-order ARMA model, and the residual error is shown as a shaded

dotted trace. Dotted horizontal lines represent mean values, or the offset to zero for the residual error. (D) Determination of a and g using stochastic pacing

versus the S1-S2 protocol (solid) and fraction of CV variance predicted by the ARMA model. This determination was conducted using 30 IBIs (open) and

10 IBIs (shaded), with a SD of pacing intervals of 5 ms. n ¼ 10 simulations for each analysis.
Biophysical Journal 96(1) 294–311
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The stochastic pacing protocol was then repeated 10 times

for each of the tested BCLs. As illustrated in Fig. 6 D, the

control values of a and g lay within the mean 5 SD of

the estimates (open bars), and the estimates exhibited a ratio

SD/mean in the range of 10%. Also, in all simulations con-

sidered together, the first-order ARMA explained >90% of

the variance of CV. This analysis thus correctly revealed

the increase of both slopes with decreasing BCL. However,

the slope a was slightly underestimated because of the non-

linear aspect of restitution and/or higher order restitution

characteristics.

To investigate whether the slopes a and g could be esti-

mated from a smaller number of IBIs, the ARMA model co-

efficients were identified using a series of 10 IBIs instead of

30 (shaded bars in Fig. 6 D). On average, reducing the

number of IBIs from 30 to 10 yielded the same estimates,

but the SD of these estimates increased by ~50%. This in-

dicates that the reliability of the estimates is determined

by the number of successive IBIs used for this analysis

(see also Data S1).

Fig. 7 illustrates the transfer functions of IBIs and the

slopes a and g obtained via ARMA model identification

when [Kþ]o was reduced to 2.0 mmol/L. The Bode plots

of the transfer functions (computed from 256 IBIs during sto-

chastic pacing with an SD of 5 ms) are represented in Fig. 7 A
for the four BCLs used in Fig. 5, C and D, together with the

first-order normalized gain and phase shift based on the con-

trol values of a and g obtained using the S1-S2 protocol. For

longer BCLs (420 and 370 ms), the predicted transfer func-

tions were in agreement with the observed ones. However,

for shorter BCLs (320 and 270 ms), the observed transfer

spectra deviated slightly from the theoretical prediction

(shaded curves) and were better fit (dashed curves) based

on the values of a and g obtained through ARMA model

identification using 30 IBIs.

The estimation of a and g using the ARMA model is fur-

ther detailed in Fig. 7 B in a manner similar to that in Fig. 6

D. As for normal [Kþ]o, the values obtained using 30 IBIs

(open bars) provided appropriate estimates of the control

S1-S2 restitution slopes for BCL¼370 and 420 ms. How-

ever, a was manifestly underestimated for BCL ¼ 270 and

320 ms (the control value of a lay >1 SD away from the av-

erage of the estimates). ARMA model identification per-

formed, on average, similarly, with 10 IBIs compared to

30 IBIs, and with an SD of the estimates that was again in-

creased by ~50% (dark shaded bars). The underestimation

for BCL ¼ 320 and 470 ms was therefore not related to

the number of IBIs used for analysis. To test whether this un-

derestimation could be related to the pronounced nonlinear

aspect of the restitution curves at short BCLs, the same

analysis was conducted on 30 IBIs but with an SD of pacing

intervals reduced to 1 ms (light shaded bars). With this

FIGURE 7 Transfer functions and restitution in the Luo-Rudy model during stochastic pacing, with decreased [Kþ]o (2.0 mmol/L). (A) Bode plots of nor-

malized gain and phase shift during stochastic pacing at four different mean IBIs with an SD of 5 ms (thin traces; note the different ordinates). Same layout as in

Fig. 6 B. The shaded curves represent the first-order transfer spectra predicted based on the S1-S2 slopes a and g (Fig. 5). The dotted curves (for IBI¼ 320 and

270 ms) represent first-order spectra based on a and g predicted by the ARMA model, as shown in B. (B) Determination of a and g using stochastic pacing

versus the S1-S2 protocol (solid) and fraction of CV variance predicted by the ARMA model. This determination was conducted with an SD of pacing intervals

of 5 ms and using 30 IBIs (open) and 10 IBIs (dark shaded), as well as with an SD of pacing intervals of 1 ms and 30 IBIs (light shaded). n¼ 10 simulations for

each analysis.
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approach, the DIs spanned a narrower portion of the restitu-

tion curves around the steady-state point, thus diminishing

the influence of nonlinearities. The underestimation of

a was partially corrected in this analysis, supporting the no-

tion that strongly nonlinear restitution curves can alter the es-

timation of their slopes using a linear ARMA model. How-

ever, the correction of this underestimation was relatively

modest, suggesting that higher-order restitution characteris-

tics may be involved as well (e.g., dependence of APD

and/or CV on several previous DIs and APDs).

Normal and supernormal CV restitution in cultured
strands of cardiac myocytes

To assess the validity of the theoretical and numerical results

in a biological setting, we conducted experiments in strands

of cultured rat ventricular myocytes. Using the S1-S2

protocol, we first established CV restitution curves and deter-

mined CV restitution slopes at different BCLs. These exper-

iments were carried out under control conditions and in de-

creased [Kþ]o. As illustrated in Fig. 8 A, reduction of

[Kþ]o from 5.8 to 1.5 mmol/L resulted in slower conduction

at each BCL investigated. This reduction of CV is in agree-
ment with the results of previous experimental and modeling

studies and can be explained by the more polarized resting

membrane potential in decreased [Kþ]o (28,29).

Interestingly, as illustrated by the example CV restitution

curves in Fig. 8 B, the behavior of CV restitution was radi-

cally different in normal versus decreased [Kþ]o. In normal

[Kþ]o, premature impulses propagated slower and postma-

ture impulses propagated faster compared to steady-state im-

pulses at BCL. In contrast, in decreased [Kþ]o, premature

impulses propagated faster and postmature impulses propa-

gated slower (supernormal conduction of premature im-

pulses). Although the relative differences in CV were small

during the S1-S2 protocols, the CV restitution slope g was

>0 in control [Kþ]o (entire 95% confidence interval > 0)

in this example and <0 in [Kþ]o¼ 1.5 mmol/L (entire 95%

confidence interval < 0), respectively.

We induced supernormal conduction of premature im-

pulses by lowering extracellular potassium concentration to

2.0 mmol/L in n ¼ 2 preparations and to [Kþ]o ¼ 1.5

mmol/L in n ¼ 3 preparations. As illustrated in Fig. 8 C,

for all experiments in normal [Kþ]o, g was either signifi-

cantly positive (p < 0.05 based on 95% confidence intervals

on g) or not significantly different from 0, but never negative
FIGURE 8 CV and CV restitution in strands of cultured

cardiac myocytes investigated with the S1-S2 protocol. (A)

Steady-state CV under control conditions (shaded) and in

decreased [Kþ]o (1.5 mmol/L, solid), for different BCLs.

CV was normalized to CV under control conditions at

BCL ¼ 150 ms (31.1 5 2.4 cm/s). (B) Example of CV

restitution curves under control conditions (top) and in

decreased [Kþ]o (bottom). In both panels, the solid dots

represent the CV of the S2 responses and the circle

corresponds to the mean CV at steady-state BCL, com-

puted over the last 10 pulses before the beginning of the

protocol. The solid curve represents the exponential fit to

the data points and the shaded line illustrates the slope g

of the fitted function at IBI ¼ BCL. (C) CV restitution

slopes g for n ¼ 6 preparations. Identical symbols corre-

spond to the same preparation. The arrows indicate the

example shown in panel B. Error bars represent 95% con-

fidence intervals.
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(n ¼ 13 experiments in five different preparations). Con-

versely, in decreased [Kþ]o, g was either significantly nega-

tive or not significantly different from 0, but never positive

(n ¼ 11 experiments in five different preparations). Further-

more, with decreasing BCL, g exhibited an increasing trend

under control conditions and a monotonous decrease (g be-

came more negative) in low [Kþ]o.

Transfer functions of cultured cardiomyocyte
strands during stochastic pacing

In six cultured strands, the stochastic stimulation protocol

was then used to determine the transfer functions of conduc-

tion. For each investigated BCL, the stochastic protocol was

executed immediately after the S1-S2 protocol to permit

comparison between both protocols. The standard deviation

s of stimulation intervals (10–50 ms) was adjusted to be

large relative to the error in the determination of activation

times (0.1 ms in our experimental system (30)), but to still

result in 1:1 capture of all stimuli. Considerations regarding

the influence of measurement noise on the results of our anal-

yses are presented in Data S1. The transfer functions were

computed from the activation time series at the electrode

closest to the pacing site and the electrode furthest from

the stimulation site for which all activation times could be

identified. These two electrodes corresponded, respectively,

to the most proximal and distal electrodes used for the deter-

mination of CV. The transfer functions were then normalized

for the length L of the strand between these electrodes (L ¼
0.25–0.96 cm).

Fig. 9 A illustrates interbeat interval series at the proximal

and distal electrode for a selected preparation, under control

conditions and in low [Kþ]o. In this time-domain representa-

tion, it is hardly possible to see any differences between the

two series under control conditions, and, for the low-[Kþ]o

experiment, small differences can only be seen for certain

data points (arrows). However, as shown in Fig. 9 B, the in-

fluence of restitution on IBIs is clearly revealed when the re-

lationships between the corresponding series are represented

as transfer functions in the frequency-domain. The transfer

spectra clearly show that components toward higher frequen-

cies were attenuated under control conditions and amplified

in low [Kþ]o. Furthermore, phases were delayed in normal

[Kþ]o and advanced in low [Kþ]o.

The computed transfer functions were fitted with the first-

order model (expressions in Eq. 26) by minimizing the

mean-square error using a simplex search algorithm (31).

This provided estimates for the S1-S2 APD and CV restitu-

tion slopes a and g. For the example illustrated in Fig. 9, A
and B, the estimated slopes were a ¼ �0.0180, g ¼ 0.0083

cm/s/ms in control [Kþ]o and a ¼ 0.2021, g ¼ �0.0231cm/

s/ms in low [Kþ]o, respectively.

In Fig. 9 C, the estimated slopes a and g are reported for

all stochastic pacing experiments. In agreement with the re-

sults obtained with the S1-S2 protocol, the computed values
of g were all strictly positive under control conditions (n ¼
15 experiments in n¼ 6 preparations) and strictly negative in

low [Kþ]o (n ¼ 8 experiments in n ¼ 3 preparations). It

should be noted that the estimates of a are reliable only for

BCL % 200, since for BCL > 200, g is close to zero and

the function FL(f) in Eq. 26 is therefore small (in absolute

value). For this reason, the extremum of FL(f), determined

by a, is difficult to identify.

Comparison of the CV restitution slopes obtained
with the two protocols

Both pacing protocols were applied together in n ¼ 4 cul-

tures to obtain the slope of CV restitution at one or more dif-

ferent BCLs and [Kþ]o. This provided a total of 17 data

points. In Fig. 9 C, the values of g obtained with the stochas-

tic protocol are plotted against the corresponding values

obtained with the control S1-S2 protocol. If both protocols

provided an identical estimate of the slope g, all points would

lie on the identity line gS1–S2¼ gstochastic. Two points lay out-

side the 95% confidence bounds and were considered as out-

liers. The linear regression on the remaining points provided

a relationship given by gS1–S2 ¼ 1.0278gstochastic � 0.00038,

with r ¼ 0.9674. This indicates that there is an accurate cor-

respondence between the slopes g obtained with the S1-S2

protocol and those obtained by fitting the transfer function

with a first-order model, which suggests that first-order res-

titution represents a good model for local stability. More-

over, this indicates that both methods give accurate results:

only an identical systematic error in both methods could

lead to this close correspondence. Since the two methods

are fundamentally different, this appears, however, unlikely.

DISCUSSION

The velocity with which the action potential propagates in

cardiac tissue is rate-dependent, and therefore it can change

from beat to beat. From this, it immediately follows that the

time interval between two successive wavefronts propagat-

ing at different velocities is not spatially constant. Therefore,

the interbeat interval depends on the location where it is ob-

served. As a result, different interbeat intervals at different

positions will lead to different ionic behaviors at the cellular

level, which in turn, will affect CV. The sequence of inter-

beat intervals and how this sequence is modulated as a func-

tion of position thus reflects this dynamic feedback between

restitution at the cellular level (APD, Ca2þ) and at the tissue

level (CV).

Modulation of interbeat intervals and implications
for arrhythmogenesis

Based on well-established notions of linear systems theory,

which provides specifically adapted tools to assess stability

(32), we explored how interbeat interval variations are
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FIGURE 9 Transfer functions in

strands of cultured cardiac myocytes.

(A) Interbeat interval time series during

stochastic pacing of a preparation under

control conditions (left, mean BCL, 150

ms; SD of BCL, 25 ms) and in low

[Kþ]o (right, mean BCL, 150 ms; SD

of BCL, 20 ms). The solid traces repre-

sent the time series at the proximal elec-

trode and the overlaid shaded traces are

the time series at the distal electrode (in-

terelectrode distance, 0.96 cm). In this

time-domain representation, small dif-

ferences between the two series are not

visible in control [Kþ]o and only barely

visible in low [Kþ]o (arrows). (B)

Transfer functions corresponding to

the experimental data shown in A (solid

traces). The shaded curves represent fits

to these data using the theoretical trans-

fer function stated in Eqs. 26. (C)

Values of a and g estimated from the

fits of Eqs. 26 to the transfer functions

in various [Kþ]o. Identical markers cor-

respond to the same preparation. The

shaded and solid arrows mark the exam-

ple shown in A and B for control and

low [Kþ]o respectively. (D) Compari-

son of the values of g computed from

the transfer functions and from the

S1-S2 protocol. The dotted line is the

identity line. Outliers are indicated by

arrows.
modulated in the spatial dimension by the restitution proper-

ties of cardiac tissue. Pacing at stochastic interbeat intervals

represents the key element of our approach. As predicted by

our theory, we observed in both the Luo-Rudy simulations

and the cardiomyocyte strands that a positive restitution slope

g attenuates variations of interbeat intervals in a frequency-

dependent manner, while a negative g amplifies them. The

maximal effect occurs at the frequency of alternans, per defi-

nition once every two beats.

This finding has two important implications for arrhyth-

mogenesis. First, attenuation of alternans in the presence of

g > 0 (which is the case in normal circumstances) suggests

that this property of cardiac tissue represents a protective

mechanism: if alternans is generated at a given place in the

heart on the pathway of AP propagation, this attenuation

property will filter alternans out at distal sites, thus stabiliz-

ing the activation pattern. Second, amplification of alternans

in the presence of g < 0 indicates that supernormal conduc-

tion of premature impulses represents in itself a mechanism

potentiating alternans and arrhythmogenesis. The simula-

tions using the coupled maps model showed that this

amplification occurs even in the complete absence of APD

restitution. This complements our understanding of alternans

with the notion that alternans does not necessarily originate

solely from restitution properties of APD at the cellular level.

In both the Luo-Rudy simulations and the experiments,

supernormal conduction led to a gain in the range of þ1

dB/cm at f ¼ 0.5 beat�1. This value, transposed to the scale

of the human heart (~10 cm), suggests that supernormal con-

duction with similar characteristics may amplify small IBI
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variations (that could occur spontaneously) by a factor 10.

This is likely to exert a significant impact on the stability

of cardiac excitation and the generation of arrhythmias.

Our mathematical analysis revealed that the transfer spec-

tra of interbeat intervals are markedly affected by APD

restitution. In a first-order formalism, a positive S1-S2 resti-

tution slope a (which is usually the case in most cardiac

tissues) shifts the transfer spectrum toward the right and dra-

matically increases the filtering effect of cardiac tissue at

f ¼ 0.5 beat�1. This prediction was verified in both the

Luo-Rudy simulations and the cultured cardiomyocyte

strands. Once more, this finding bears an implication for ar-

rhythmogenesis. While steep APD restitution slopes are usu-

ally considered deleterious because of their correlation with

alternans, our finding indicates that a positive slope a also

enhances the protective role of a positive g, as described

above. Thus, a steep APD restitution curve may be both del-

eterious and beneficial at the same time. The net effect in

terms of arrhythmia initiation will then depend, among other

factors, on the spatial distribution and heterogeneity of resti-

tution properties. This two-faced effect may have conse-

quences for the development and use of antiarrhythmic drugs

that affect APD restitution.

New strategies to investigate electrical restitution

It is logically assumed that the investigation of APD restitu-

tion requires measurements of APD. In experimental set-

tings, APD is typically measured using membrane potential

recordings with conventional micropipettes or using voltage-

sensitive dyes. While these two approaches are routinely

employed in experimental electrophysiology, these two tech-

niques cannot be applied in vivo, and a fortiori in a clinical

setting. Cardiac activation can also be investigated using

extracellular electrodes (e.g., mapping catheters in clinical

practice), but determination of APD from extracellular elec-

trograms is often difficult or impossible. Our analyses show

that, by using stochastic pacing, an estimate of the S1-S2 res-

titution slope a can be obtained without measuring APD.

Thus, more information can be efficiently obtained about

the electrical function of cardiac tissue by using stochastic

pacing, compared to a simpler protocol such as the S1-S2.

The strength of our analysis resides in its simplicity and in

the possibility to extend it to any cardiac preparation, or

model, or even in vivo, in a flexible manner. In its fundamen-

tal form, it only requires two distinct sites at which the time

of passage of the action potential is captured. Stochastic pac-

ing protocols are easy to implement and the computation of

the spectrum of the transfer function is straightforward. Un-

deniably, the great challenge will reside in the interpretation

of the transfer function and how it is influenced, e.g., by

heterogeneous tissue and conduction in two- and three-

dimensional media (see below). Beyond these challenges,

the analysis of the transfer function may then offer perspec-

tives for both research and clinical practice.
Possible developments of the mathematical
framework

Cardiac tissue is intrinsically heterogeneous in both the

healthy and diseased heart. This heterogeneity is apparent

in the level of expression of different ion channels across

the myocardial wall (33) and between different cardiac

chambers (34). Cardiac tissue is also histologically heteroge-

neous (35–37). The presence of myofibroblasts in cardiac tis-

sue introduces a further level of tissue heterogeneity (38).

Therefore, in cardiac tissue, APD and CV restitution charac-

teristics are not absolutely uniform but exhibit heterogeneities

and gradients. When determined between two points x1 and

x2, the transfer function of interbeat intervals reflects the

aggregate restitution characteristics over the segment x1x2.

If cardiac excitation is mapped with multiple electrodes, com-

parison of the transfer functions between pairs of adjacent

electrodes may be able to reveal significant discontinuities

or gradients and identify critical sites where conduction is

most prone to alternans, marginally stable, or where the

first-order APD restitution parameter a is the closest to 1.

Besides the influence of the heterogeneous nature of car-

diac tissue on AP propagation, conduction is also modulated

by wavefront curvature in two- or three-dimensional tissue

(39,40). Even in uniform isotropic tissue, a convex wave-

front propagates slower compared to a planar wave because

of the divergence of electrotonic current at the wavefront

(39,40). Assuming that the CV restitution curve of a convex

wavefront would correspond to a compressed image of the

reference curve of a planar wave, the factor g=c�
2

in Eqs.

17–26 would increase because of the power of 2 in the

denominator. This would magnify the contribution of CV

restitution to the transfer function of IBIs. Moreover, the

convergence or electrotonic current at the curved repolariza-

tion tail (wave tail) may increase APD, which would lead,

under normal conditions, to a leftward shift of the steady-

state points into steeper regions of both restitution curves.

For convex wavefronts, the transfer spectrum may therefore

correspond to a situation with larger a and g compared to

planar propagation. For concave wavefronts, the opposite

considerations would apply.

In addition, conduction is also modulated by tissue anisot-

ropy, fiber curvature, and fiber rotation (41,42). In this

context, approaches based on the formulation of eikonal-cur-

vature equations (43) combined with differential geometry

may therefore be appropriate to generalize our framework.

Comparison with previous studies

In a previous work using the same experimental preparation,

we observed that the APD S1-S2 restitution slope a is

slightly negative (~�0.02) at a basic cycle length of 500

ms (26). This cycle length was, however, much longer

than that used in this study. In a further work (23), we

used first-order restitution theory to estimate the restitution

slope a during reentry in rings of cultured cardiac cells based
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on damped cycle length oscillations after resetting stimuli.

During stable reentry at a period of 129 5 31 ms,

a amounted to 0.29 5 0.23. In this study, the estimates of

a ranged between 0 and 0.35 (in control [Kþ]o) for the cor-

responding mean interbeat intervals (100, 125, and 150 ms in

Fig. 9 C. The observations in this study regarding a are thus

in agreement with our previous results.

Study limitations

Our study suffers from the limitation that we did not record

transmembrane potentials in our cultures and thus we did not

have a basis to directly compare APD restitution properties

established by direct APD measurements (e.g., with micropi-

pette recordings) with the results from our analysis of trans-

fer functions.

Although the theoretical treatment presented here can in-

corporate any higher-order extension, it is based on a linear-

ization of the restitution functions around their operating

points. As illustrated in Fig. 7, the accuracy of the results

is directly linked to the accuracy of this linear approximation.

Because of the nonlinear nature of restitution, our analysis

therefore requires the stochastic variations of IBIs to be suf-

ficiently small. The amplitude of the stochastic variations

must therefore be carefully chosen, in particular in experi-

mental settings in which a tradeoff must be achieved among

the amplitude of these variations, measurement error, and the

expected nonlinearity of restitution. However, when nonlin-

earities start to exert a noticeable influence but remain weak

(i.e., typically as long as the restitution functions remain in-

vertible), techniques making use, e.g., of a Volterra series

(44) can be used to extend the result represented here, leav-

ing the framework intact.

As suggested recently, beat-to-beat variations of APD may

also result from the stochastic variations of plateau currents

due to the open-close behavior of single channels (45). We

did not incorporate this type of variability in our simulations.

However, with a few modifications, our mathematical frame-

work would permit us to incorporate this variability in further

studies and to evaluate its influence on transfer functions.

Finally, our analysis requires that the dynamics governing

the investigated system remain stationary during the period

of observation. It remains therefore to be shown to what ex-

tent our analysis remains applicable in the presence of a high

level of nonstationarity.

SUPPLEMENTARY MATERIAL

Methods and one figure are available at http://www.biophysj.org/biophysj/

supplemental/S0006-3495(08)00033-7.
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